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^>-CARLESON MEASURES AND MULTIPLIERS BETWEEN 
BERGMAN-ORLICZ SPACES OF THE UNIT BALL OF C*" 

BENOiT F. SEHBA 


Abstract. We define the notion of "F-Carleson measures where <!> is 
either a concave growth function or a convex growth function and pro¬ 
vide an equivalent definition. We then characterize <f>-Carleson measures 
for Bergman-Orlicz spaces, and apply them to characterize multipliers 
between Bergman-Orlicz spaces. 


1. Introduction and statement of results 

Let denote by di^ the Lebesgue measure on the unit ball B” of C” and da 
the normalized measure on S” = 9B”' the boundary of B”. By 'H(B”’), we 
denote the space of holomorphic functions on B"'. 

For z = {zi, - ■ ■ , Zn) and w = {wi, • • • , Wn) in C”, we let (z, w) = ziwi -|- • • • -|- ZnW^ 
so that \z\‘^ = {z, z) = \zi\^ + ■ ■ ■ + l^nP- 

We say a function $ is a growth function, if it is a continuous and non¬ 
decreasing function from [0, oo) onto itself. 

For q: > — 1, we denote by dva the normalized Lebesgue measure dva{z) = 

Ca{l — \z\‘^)°‘di'{z), Ca being the normalization constant. For $ a growth func¬ 
tion, the weighted Bergman-Orlicz space A^(B”) is the space of holomorphic 
function / such that 

ll/ll-I-,a = ll/IU* := [ ^{\f{z)\)dlZa{z) < oo. 

We define on Aq(B”) the following (quasi)-norm 

(1) 11/11*“ = ll/llt” - >» ■■ [ < 1} 

which is finite for / G Aj(B"') (see [T6]h 

The usual weighted Bergman spaces Aa(B"') correspond to <h(t) = and 
are defined by 

\\m,a--= [ \f{zWdl.^{z)<<^. 

For 0 < p < oo, the usual Hardy space 'H^’(B"'), is the space of all / G 
'H(B"') such that 

ll/llp:= sup f \f{r^)\Pda{C)<oo. 

0<r<lJS" 
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Two growth functions $1 and <^2 are said equivalent if there exists some 
constant c such that 

c$i(ct) < <h 2 (t) < 

Such equivalent growth functions define the same Orlicz space. 

For any ^ G S” and 5 > 0, the Carleson tube Qs{C) is defined by 

Q5(e) = {^GBV|l-(z,e)|<<5}. 

Let /X be a positive Borel measure on B”, and 0 < s < 00 . We say /x is 
a s-Carleson measure on B"' if there exists a constant C such that for any 
^ G §"■ and any 0 < (5 < 1, 

( 2 ) 

When s = 1, the above measures are called Carleson measures. Carleson 
measures were first introduced in the unit disk of the complex plane C by 
L. Carleson mis]. These measures are pretty adapted to the studies of 
various questions on Hardy spaces. In his work, Carleson obtained that a 
measure /x is a Carleson measure if and only if the Hardy space embedds 
continuously into the Lebesgue space For s > 1, again in the unit 

disk, Peter Duren ([S]) has proved that a measure /x is a s-Carleson measure 
if and only if the Hardy space embedds continuously into the Lebesgue 
space LP^{d^). The Characterizations of Carleson measures for Hardy spaces 
of the unit ball can be found in mms]. These characterizations can be 
summarized as follows. 


Theorem l.l. Let ^ be a positive measure on B”, and s > 0. Then the 
following assertions are equivalent. 


(a) 


There exists a constant Ci > 0 such that for any ^ G S” and any 

0 <5 < 1 , 

KQsiO) < 


(b) There exists a constant 6*2 > 0 such that 

f (1 - 


|1 - {a,z)\‘^^^ 


dfi{z) < C2 


for all a G B”. 

If moreover s > 1, then the above assertions are both equivalent 
to the following. 

(c) There exists a constant C3 > 0 such that for any f G 


(3) f \fiz)rdf^{z)<cM;- 

The characterization of measures satisfying ([3]) with 0 < s < 1 in the 
setting of the unit disk is due to V. Videnskii m)- The extension of the 
results of L. Carleson and P. Duren to the setting of Bergman spaces of 
the unit disk is due to W. Hastings ([TO]) and Bergman spaces version of 
the result of V. Videnskii is due to D. Luecking m)- The extensions of 
the latter results to the unit ball are due to Cima and Wogen |8] and D. 
Luecking [Si- 

Theorem [LT] translates as follows for Bergman spaces. 
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Theorem 1.2. Let ^ he a positive measure on B"', s > 0, and a > —1. 
Then the following assertions are equivalent. 

(a) There exists a constant Ci > 0 such that for any ^ G S” and any 

0 <5 < 1 , 

TiQsiO) < 

(b) There exists a constant C 2 > 0 such that 

(1 — 


/ 

JB’- 


|1 - (a,z)|2(«+i+«)^ 


dfi{z) < C 2 


for all a G B”. 

If moreover s > 1, then the above assertions are both equivalent 
to the following. 

(c) There exists a constant C 3 > 0 such that for any f G 


(4) 


[ \f{z)rdn{z) < C3ii/ii;,„. 


Let us observe that ([2]) can be read as 


KQsiO) < 


c 


where ‘h(t) = t®. Our aim is then to obtain characterization of such measures 
when power functions are replaced by appropriate growth functions. 


We recall that the growth function $ is of upper type if we can find q > 0 
and O > 0 such that, for s > 0 and f > 1, 

( 5 ) ^{st) < Cti<^{s). 

We denote by the set of growth functions $ of upper type s, (with 
s > 1), such that the function t 1 —>■ is non-decreasing. We write 

^ = [J^\ 

S>1 

We also recall that is of lower type if we can find p > 0 and C > 0 such 
that, for s > 0 and 0 < f < 1, 

(6) $(sf) < CtP^{s). 

We denote by the set of growth functions $ of lower type s, (with s < 1), 
such that the function t i—>■ is non-increasing. We write 

[j 

0<s<l 

Note that we may always suppose that any <1> G .if (resp. '2^), is concave 
(resp. convex) and that <f> is a function with derivative <h'(f) 

Definition 1.3. Let fi he a positive measure on B", and Zef G .if U . 
We say fi is a ^-Carleson measure if there exists a constant C > 0 such 
that for any ^ G S"' and any 0 < <5 < 1, 

C 


(7) 


fj^iQsiO) < 


1 
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The following result provides an equivalent definition of <h-Carleson mea¬ 
sures. 


Theorem 1.4. Let ^ he a positive measure on B”, and let ^ ^ ^ U ^. 
Then the following assertions are equivalent. 


( 8 ) 


(i) p. is a ^-Carleson measure. 

(ii) There exists a eonstant C > 0 such that for any a G 

(1 - lop)’^ 


4> 


|1 - {a,z] 


\2n 


dii{z) < C. 


The following extends Theorem 11.21 to Bergman-Orlicz spaces. 


Theorem 1.5. Let n he a positive measure on B"', and a > —1. Let 
<l>i, $2 G .if U Then the following assertions are equivalent. 

(a) There exists a constant Ci > 0 such that for any ^ G S"" and any 

Q <5 < 1 , 


(9) 


KQsiO) < 


Cl 


(b) There exists a eonstant C 2 > G sueh that 




(1 - |a| 2 )’^+i+« 


(1 - 

1 - (a, z)|2("-+i+“) 


dn{z) < C 2 


for all a G B”. 

If moreover ^ is non-decreasing , then the above assertions are 
hath equivalent to the following. 

(c) There exists a constant C 3 > 0 such that for any f G 4.Ji(B”) with 

ll/lliTa ^ 0 , 


( 10 ) 



( l/(^)l ^ 
V^sll/fcy' 


dpi{z) < 1 . 


We call a measure satisfying (l9|) a ($2 o a)-Carleson measure. If a 
measure fi satisfies (1101) . then we say /r is a <h 2 -Carleson measure for (B”'). 


Note that in [6] and in [7], it is proved that (jlOp holds if and only if there 
exists 60 such that for any 6 G (0, do), 


KQsif,)) < 


Cl 

$2 O <I)^ ^(^n+l + c ) 


Moreover, the proof in both papers uses among others, a maximal function 
characterization of Bergman-Orlicz spaces. Here, we provide a proof which 
can be viewed as a generalization of the classical proof in the power functions 
case (see for example m)- 


Let X and Y be two analytic function spaces which are metric spaces, 
with respective metrics dx and dy- We say that an analytic function ^ is a 
multiplier from X to Y, if there exists a constant C > 0 such that for any 
f^X, 


dY{fg,0) < Cdx{f,0). 
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We denote by Ai{X, Y) the set of multipliers from X to Y. The question of 
multipliers between Bergman spaces has been considered in [BlllEKIllllol 
I22j . In particular, K. R. Attele obtained the characterization of multipliers 
between unweighted Bergman spaces of the unit disc of the complex plane 
in [T], while the case of weighted Bergman spaces of the same setting was 
handled by R. Zhao in [22j . The proofs in heavily make use of Carleson 
measures for Bergman spaces. We also use here our characterization of 
Carleson measures to extend the result of [22] on multipliers between the 
Bergman spaces Aa{M^) and with 0 <p<q<ootoa corresponding 

situation for Bergman-Orlicz spaces. 

Let us introduce two subsets of growth functions. We say a growth func¬ 
tion <I) G belongs to if 

(ai) There exists a constant Ci > 0 such that for any 0 < s < 1, and any 
t > 1 , 

(11) ^{st) < Ci$(s)^>(t). 

( 02 ) There exists a constant C 2 > 0 such that for any a, 6 > 1, 



As examples of functions in we have power functions, and for nontrivial 
examples, we have the functions t ^ log“(C' -|- 1 ), where (; > 1, a > 0 and 
the constant (7 > 0 is large enough. 

We say a growth function <I> G belongs to .if, if satisfies condition 
(ffH) and if there exists a constant 6*3 > 0 such that for any a, 6 > 1 , 



Clearly, power functions are in .if. For nontrivial examples, we have the 
functions t i-)- tPlog“(C' -|- t), where 0 <p<l, a <0 and the constant 
C > 0 is large enough. To see that the latter satisfies (EH), use that if 
$ G then for any t > 1, < C'<h(t), with C the constant in Q. 


Before stating our result on multipliers of Bergman-Orlicz spaces, let us 
introduce another space of analytic functions. Let u : (0,1] —(0, 00 ). An 
analytic function / in B” is said to be in if 


(14) 


ll/ll-H- := sup 


zeB" ^ 


\f{z)\ 

(1-N) 


< 00 . 


Clearly, 'R“(B"’) is a Banach space. 

Theorem 1.6. Let 4>1 G Jif U ^ and $2 G .if U Assume that is 
nondecreasing. Let a,/3 > —1 and define for 1 <t < 00 , the function 


7(i) 




Then the following assertions hold. 
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(i) If'j is nondecreasing on [l,oo), then 

M u:{s) = 7(^). 

(ii) If'j is equivalent to 1, then M. = i7°°(B”'). 

(iii) If'y is non-inereasing on [l,oo) and lim 4 ^oo 7 (i) = 0, then 

M (^^(B^),^|=(B^)) = {0}. 

Note that if the function 7 in the last theorem is non-increasing and 
limt_>.oo 7 (t) 7 ^ 0 , then 7 is equivalent to 1 . 

The proofs of the first two theorems will be given in section 3 and ap¬ 
plications to embeddings between Bergman-Orlicz spaces and the pointwise 
multipliers of Bergman-Orlicz spaces will be provided in section 4. In the 
next section, we recall some results from the literature needed in our proofs. 

All over the text, we assume without loss of generality that our growth 
functions are such that $(1) = 1. Finally, all over the text, C will be a 
constant not necessary the same at each occurrence. We recall that given 
two positive quantities A and B, the notation A < B means that A < CB 
for some positive constant C. When A < B and B < A, we write A ^ B. 


2. Some preliminaries 


We provide in this section some useful results which are mostly related 
related to growth functions. 

For a G B"', a 7 ^ 0, let <pa denote the automorphism of B” taking 0 to a 
defined by 


/ X _ o - Pa{z) - (1 - \z\'^)2Q^[z) 

I^a\Z) — 1 / \ 

1 - (z,a) 

where Pa is the projection of C” onto the one-dimensional subspace span of 
a and Qa = I — Pa where I is the identity. It is easy to see that 


= a, tfa{a) = 0, ipaOipaiz) = Z, 

I / m2 (1 “ |oP)(l “ kP) 
we write rB” := {z G 


For 0 < r < 1, and a G 
the (pseudo-hyperbolic metric) ball A{a,r) by 

A(a,r) = {z G B” : \g^a{z)\ < r}. 


: l^l < r}, and dehne 


Clearly, A{a,r) = ^’^(rB"'). One easily check the following (for details see 

[19]). 


Lemma 2.1. For any a G B"' and 0 < r < 1, there exist G S"' and d > 0 
sueh that A(a, r) C QsiC)- Moreover, 5 ic 1 — |zp. 

We have the following estimate (see mm)- 


Lemma 2.2. Let $ G Af U ^ , —l<a< 00 . There is a constant C > 0 
such that for any f G .4.^(B"'), and any a G B"", 


\f{a)\<C^ 


-1 


(1 - |a|2)"’+i+“ 


(15) 


lux 
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The next lemma provide a useful function in Ao 


(see dZ]). 


Lemma 2.3. Let —l<a< oo, a € B”'. Suppose that <1> G .if U Then 
the following function is in 

/ 1 \ / 1 I |2 \ 2(n+l+a) 

faiz) = 


Moreover, ||/a||$o < 1- 


(1 - |a|)’"+i+"y Vi - 


1 — |a| 


3. Proof of the theorems 

Proof of Theorem \1.4\ The proof follows the same idea as in the power func¬ 
tions case (see for example [23]). We provide details here. 

{i) [ii) : For |a| < ([SD is obvious since the measure is necessarily 
finite. Let | < |o| < 1 and choose ^ = a/|o|. For any nonnegative integer 
k, let Tfc = 2^“^(1 — |a|), A; = 1, 2, • • • ,N and N is the smallest integer such 
that 2'^“^(1 — |a|) > 1. Let Ei = and = Qr^H) ~ Qrfc_i(0) k > 2. 
We have 

hiEk) < hiQvkif.)) < ^ 




2(fc-l)n(i_|a|)r 


Moreover, if A: > 2 and z £ Ek, then 

|l-(a, 2 ;)| = |1 - |a| + |a|(l - (C, 2 :))| 

> -(1 - |a|)|a||l - (C,z)| 


> 2 ^- 2 (l-|a|). 


We also have for z £ Ei, 


|1 - {z,a)\ > 1 - |a| > -(1 - |o|). 


Let us put 


Ka{z) = 


(l-|ap) 


2\n 


|1 — (a, z)\^^ ' 

Using the above estimates and putting e = 1 if <1> G and e = p if G .if 
is of lower type 0 < p < 1, we obtain 

(1 - |a| 2 )^ 


L : = 


f ^(r 

V 11 


- {a,z)\^'^ 
^{Ka{z))dp.{z) 


dix{z) 


N ^ 

- 

k=l ^ 


N 


< 


cE 


1 


k=l 


^kne 


22(fc-2)"(l|a|)" 

_ 1 _ 

2(fc-l)n(l_|Q|)n 


< C < OO. 
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{a) {i) : Let a ^ 0, a G B”. Set <5 = 1 — |ap and ^ = o/|a|. We remark 

that for z G Qs(Oj |1 ~ ^ 2(1 — |ap). Hence, using ([j]) for <h € 

and the fact that the function is nonincreasing for $ G we obtain 


< C. 


The proof is complete. □ 


Proof of Theorem \l.,5[ We observe that the implication ( 6 ) (a) follows 

the same way as in the proof of the implication (ii) => (i) in Theorem 11.41 
We will then only prove that (a) (c) ( 6 ). 

(a) ^ (c): We fix ^ < r < 1 and z gW^. We recall that by Lemma [2Tl 
A(z,r) C Qsif) for some ^ G S" and > 0 with (5^1 — |zp. Under (o), 
this implies that 


(16) 


n{A{z,r)) < niQsiO) < 


Cl 


$2 o 


-1 


1 

(iqipyi+T+s- 


Next, we recall that if G with lower type 0 < p < 1, then the growth 
4)p(t) = belongs to ^ (see [HI)- We will also use the notation 

for 4) G ^ noting that in this case p = 1. As |/|^ (0 < p < 1) is 
A4 — subharmonic, we obtain using inequality (4.3) of |18j and the convexity 
of <hp, that 

4>(i/(^)i) = $p(i/(z)n 

< C2 [ 4>p(|/(u;)n(l-|u;|2)-(-+i+“)dz.„(u;) 

2AL,i) 

= C2 [ 4>(|/(u;)|)(l-|u;|2)-(-+i+“)dr.„(u;). 

Let Ki = max{l, ( 71 ( 72 , (( 7 ( 71 ( 72 )^/^}, where (7 is the constant in ([ 6 |), 
Cl the constant in (tUD and C 2 the constant in the last inequality. Put 
K = max{(7^,iLi} where C is the constant in (1151) . Using Lemma 12.21 
Fubini’s lemma , estimate (ESI), and that the function ^ is nondecreasing. 
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we obtain 
L : = 


< C 2 


< 


< 


[ dn{ 


j dn{z) 

$2 


^( 2 - 2 ) 


( I/HI 

V^ll/ll$"c 


(1 - |R;|2)-("+i+“)dn„(R;) 




- \w\^)-^-^du{w) 


< C *2 / $2 


I/HI 

V^II/lliT.c 


(1 — |u;|^) "■ ^fi{A{w,r))dv{w) 


< C 2 


I 


$ 


l/(^)l 


$2 


l/(«^)l 


K\\f\\ 


'Ull/ll 


•i*! ,a 


lux I 
^1,01/ (J)^ 


IfMl 

K\\f\\ 


•i*! ,a 


{1 - \w\Y KMw,r))di^{w) 


< C 2 




$ 20 $ 


-1 


1 I (l-|u,p)n + l + o 


V^ll/ll$f,„/ $1 o$- 

(1 — \w\‘^)~'^~^ fi{A{w,r))di^{w) 

I/Ml 


-1 


_ 1 _ 

(l-|toP)"+i+“ 


< CIC 2 


I 






$ 

l/(»^)l 

lux 
$i,a ^ 


dVa{w) 

dVa{w) < 1. 


Where we used the fact that Xa (2 i)('“^) — XA{w,r){^) for each 2 GB” and 
w G B”. 

(c) (b): Let a G B”'. Recall with Lemma l2.1!l that the function 

/ 1 \ / 1 _ |„|2 \2(n+l+a) 

/.P) = (tM)) 

is uniformly in 74 ^i(B”). Thus the implication follows by testing (c) with fa 
and using the monotonicity of $ or the monotonicity of the function 
The proof is complete. □ 


4. Embeddings and multipliers between Bergman-Orlicz spages 

We start this section with an embedding result between Bergman-Orlicz 
spaces. 

Theorem 4.1. Let $ 1 , 4>2 G .if U ^, a, (3 > —1. Assume that ^ is non¬ 
decreasing. Then ^^^(B"') embeds continuously into A^^(B"') if and only if 
there is a constant C > 0 such that 


( 17 ) 
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Proof. That embeds continuously into is equivalent in 

saying that there exists a constant C > 0 such that for every / G ^^^(B"'), 
with + 0 , 


(18) 



{ l/(^)l ^ 

Vc’ii/lfcy 


dvji{z) < 1 


which is equivalent by Theorem 11.51 in saying that is a ($2 o 
Carleson measure. Hence we only have to prove that vp is a (<^2 o 
Carleson measure if and only if (1171) holds. 

Let us first assume that m holds. Then we easily obtain for any ^ G S"’ 
and any 0 < 5 < 1 , that 


(19) MQsm ~ = 


c 


^2 O d >2 H^FTT+f) ^2 0 ^> i ^( 


c 


c 


.-h 


1 

^n+ 1+0 


That is Up is a (<^2 o a)-Carleson measure. 

Now assume that up is a ($2 o a)-Carleson measure. Then by The¬ 
orem o there exists a constant K > 0 such that 


( 20 ) 




(1 - |a| 2 )"’+i+" 


fl — \ 


for all a G B”. 

For a G B” given, let 5 = 1 — |ap and .^ = (a / 0). Then using the 
type of d >2 or the monotonicity of we obtain from (I20p that 

$2 o 3.-‘ = MQs{m 2 o 4>r‘ {-i^) S A 

that is 

1 ^(^n+l+a J — 2 (^jn+l+/3 J 

for some constant C > 0. Thus (HZD holds. The proof is complete. □ 


We next consider multipliers between two Bergman-Orlicz spaces. We 
start by the following general result. 

Theorem 4.2. Let 4 *i,‘h 2 G .if U Assume that ^ is nondecreasing. 
Let a,l3 > —1 and define for 1 <t < 00 , the function 

Then the following assertions hold. 

(i) If'j is equivalent to 1 , then M. ^^q1 (B"'),^^^(B"')^ = H°°{W). 

(ii) If'J is nonincreasing on [l,oo) and limi_j.oo 7 (t) = 0, then 
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Proof. Let us start by the proving assertion (i). We first prove the suffi¬ 
ciency. Let us assume that g G Then for any / G we 

have that 



( |g(^)ll/(^)l ^ 
lv^^ll5lloo||/|li7,J 


dfjiiz) 


< 

< 



( l/(^)l ^ 


dvjiiz) 


where the last inequality follows from Theorem 14.11 with C an appropriate 
constant. 

Now assume that g £ M. (B”), (B”)^ . Then by Lemma (2.21 , 

there exists a constant C > 0 such that for any / G T^i(B"') and any 
z G B"', 

(21) 19(2)1/(2)11 = |/(2)9(2)| < ( (i_|,|2)„+l+g ) ll/ll»”U- 


\ / _lap \ 2(n+l+a) 

Taking in the above inequality f{z) = /a(z) = j j 

with a G B"' fixed, we obtain for the same constant in (EU that for any 
z GB*", 

( 22 ) 


l^(^)l^i ((1 - |a|)”+i+“ 

Taking in particular z = 
a G B"-, 


1 - lap 
1 - (z,a)| 


2{n+l+a) 


-1 


<C $2 


(1 - |2P)^+1+/3 


a in the last equation, we obtain that for any 


b(«)l<ci- 

Hence, g G The proof of assertion (z) is complete. 


Proof of (ii) : It obvious that 0 is an element of M. (B"’), (B"')^ 

Next, assume that g € Ai (B”), (B"')^ , then as above, there is a 

constant C > 0 such that for any / G 24^i(B"') and any z G B"", (f^ holds. 

Testing ([211) with /(z) = /^(z) = ((Tq^|pFT+ir) (ir^) ^ ^ with 

a G B” fixed, and then taking z = a, we obtain that for any a G B”, 




(1—|a|2)ii+l+/3 


(l-|a|)"+i+° 



From the hypotheses on the function 7 , we have that the right hand side of 
the last inequality goes to 0 as |a| —)■ 1. Hence /(a) = 0 for all a G B”. The 
proof is complete. □ 


We finish with the following restriction to target growth functions in ..Sf U 


Theorem 4.3. Let $1 G .if U and <I >2 G Assume that ^ is nonde¬ 
creasing. Let a,/3 > —1 and define for 1 <t < 00 , the function 
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Then is nondecreasing on [l,oo), then M = H^iW' 

w(s) = 7(i)- 

Proof. That any function in M. (B”)^ is an element of 

can be proved following the same idea in the proof of the necessity in asser¬ 
tion (ii) of the previous theorem. Let us prove that any g € is an 

element of M (E^), . 

Using the properties of growth functions in inequality ([5]), we obtain 
for g > 1 the upper-type of $ 2 ) Pi = max{l, 01 ( 72 } where Ci and C 2 are 
respectively from conditions m and m in the definition of the class ^, 
and for C > 0 a constant which existence has to be proved, 


L : = 


< 


< 


< 




( \g{z)mz)\ \ 

[KC\\g\Mmf,J 






-1 


$2 


2 l^(l-|z|2)"+l+/3 


\f{z)\ 


$ 


-1 


1 \^( 1 -| 2 | 2)"+1 + °^ J 






-1 


Cl / $2 


2 1 ^( 1 -| 2 | 2 )™+ 1 +/ 3 ^ 


$ 


-1 


$2 


1 Wl-|2|2)r>+l + ° 


( \f{z)\ 

[Kc\\m^,c 


dvg{z) 


CIC 2 


_^_ „JAfA)L 

(1 - (fr' (a-FpW-=))’ 


< 



1 

^|2)n+l+/3$2 O $-1 


$2 


1 

( 1 -| 2 | 2 )>^ + 1 + “ 


( l/(^)l ^ 
[cwm^aj 


dvg{z). 


To conclude, we only have to prove the existence of a constant C > 0 such 
that 



( l/(^)l \ 
V^ii/fcy 


dfi{z) < 1 


where 


dn{z) = -—^-^(1 - |zp) 

^^2 O ‘I’l yi-|2|2)n + l + Q, j 

For this, we know from Theorem [T3] that it is enough to prove that /r is a 
(<f >2 o a)-Carleson measure. 

Let p{z, w) be the Bergman distance between 2 : and w. For i? > 0 and 
a € B”, the Bergman ball centered at a and of radius R is the set 


D{a,R) = { 2 : G B” : p{z,a) < R}. 

Following the proof of the implication (a) => (c) in Theorem [T3J we see that 
to prove that /r is a ($2 o a)-Carleson measure, it is enough to prove 


dvp{z) 
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that for any o € B” and R > 0, 


fi{D{a,R)) < Cr 


*^2 0^1 ( (l_|a|^)'i+i+“ 


Using that for any z G D{a,R) , 1 — ~ 1 — |ap and that u{D{a^R)) 

(1 — we easily obtain 


fi{D{a,R)) = [ 

Jl 


-(l-|z|2)-("+i)dr/(z) 


Dia,R) $2 O ( (i_|^|2^)n+l+. ) 

( 1 - |a| 2 )-("+i)i/(U)(a,fi)) 


1 


^2 0^1 \^(i_|aP)"+i+« 

1 


$2 0 $ 


-1 


1 Wl-|aP)’"+i+“ 


The proof is complete. 


□ 


We also have the following result. 

Theorem 4.4. Let $1 G .if and $2 G ^. Assume that ^ is nondecreas¬ 
ing. Let a,f3 > —1 and define for 1 <t < oo, the function 


Then if'y is nondecreasing on [1, oo), then M (B"), (B"')^ = 

^(s) = 7(i)- 

Proof. Again, that any function in A4 ^A^i(B"’), is an element of 

^oo(]gn) proved following the same idea in the proof of Theorem 14.21 

Let us prove that any g G is an element of M (B”), (B”)^ . 

Let K = max{l, (CU'CiCs)^/^} where C the constant in Q, C' the 
constant in ([S]), Ci the constant in ([TT]) . and C 3 the constant in ([TB]) . Using 
the properties of growth functions in .if, the fact that as $2 G .if^, $2 ^ £ 
and inequality ([5]), we obtain for C > 0 a constant whcih existence 
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has to be proved, that 


L : = 




/ \g{z)\\f{z)\ \ 

1 ivr'iuii II fwiux I ^ 




<h 


-1 


< Cl ^2 


2 \^(l-|2|2)n+l + /3 




-1 


1 I (l-|2|^)"+l + “ 


$2 


( \fiz)\ 


dvp{z) 


< C 1 C 3 


< C 1 C 3 C' / 

JW' 


r ^2'((i-|.|Vn-g)) / l/(2)l ^ , , > 

^iKClI/l&j 


_^ 

(1 - ($r' 


< 


where 




( \fiz)\ 


dfj,{z) = 


dg{z) 


1 


$2 o <I) 


-1 


(1 - |z|2)-("+i)(iz/(z). 


\^(l-|2p)n + l+Q 

Again, to conclude, we only have to prove the existence of a constant C > 0 
such that 

\f{z)\ 


< 1>2 


C'll/lll'f 


dg{z) < 1 . 


This follows as in the end of the proof of Theorem l4.31 The proof is complete. 

□ 


Let us now introduce the following class of weight functions. We say a 
function io : ( 0 , 1 ] —)• ( 0 , 00 ) belongs to the class Q, if uj is nonincreasing, ^ 
is of some positive lower type and the function t 1 —>■ is increasing. 

Let / G Lf(]B”). The radial derivative Rf of / is given by 




i=i 


An analytic function / in B" belongs to A^^ if Rf G that is 

{l-\z\)\Rf{z)\ 


sup 

^^(1 - l^l) 

A^j is a Banach space under 


< 00 . 


:= 1 /( 0 )I + sup 


il-\z\)\Rf{z)\ 


- |Z|) 


Note that if 1 < A < 00 , A^ is just A-Bloch space usually 

denoted 0^; B = being the Bloch space. 

The following was proved in m- 
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Proposition 4.5. Suppose that w G Then with equiv¬ 

alent norms. 


It follows in particular from Proposition 14.51 and Theorem 11.61 that we 
have the following. 


Corollary 4.6. Let 0 < p < q < OO, a,[3 > — l. Define X = 


n+l+P 


n+l+Q: 

P 


Then the following assertions hold. 

If X>0, then M . 

i) If X = 0, then M (^AS(B"), A^(B")) = 
i) If X< 0, then M (^AS(B"), A^(B^)) = {0}. 
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